Universal hitting sets are sets of words that are unavoidable: every long enough sequence is hit by the set (i.e., it contains a word from the set). There is a tight relationship between universal hitting sets and minimizers schemes, where minimizers schemes with low density (i.e., efficient schemes) correspond to universal hitting sets of small size. Local schemes are a generalization of minimizers schemes which can be used as replacement for minimizers scheme with the possibility of being much more efficient. We establish the link between efficient local schemes and the minimum length of a string that must be hit by a universal hitting set. We give bounds for the remaining path length of the Mykkeltveit universal hitting set. Additionally, we create a local scheme with the lowest known density that is only a log factor away from the theoretical lower bound.
Introduction
We study the problem of finding Universal Hitting Sets [13] (UHS). A UHS is a set of words, each of length k, such that every long enough string (say of length L or longer) contains as a substring an element from the set. We call such a set a universal hitting set for parameters k and L. They are sets of unavoidable words, i.e., words that must be contained in any long strings, and we are interested in the relationship between the size of these sets and the length L.
More precisely, we say that a k-mer a (a string of length k) hits a string S if a appears as a substring of S. A set A of k-mers hits S if at least one k-mer of A hits S. A universal hitting set for length L is a set of k-mers that hits every string of length L. Equivalently, the remaining path length of a universal set is the length of the longest string that is not hit by the set (L − 1 here).
The study of universal hitting sets is motivated in part by the link between UHS and the common method of minimizers [14, 15, 17] . The minimizers method is a way to sample a string for representative k-mers in a deterministic way by breaking a string into windows, each window containing w k-mers, and selecting in each window a particular k-mer (the "minimum k-mer", as defined by a preset order on the k-mers). This method is used in many bioinformatics software programs (e.g., [4, 6, 2, 5, 18] ) to reduce the amount of computation and improve run time (see [11] for usage examples). The minimizers method is a family of methods parameterized by the order on the k-mers used to find the minimum. The density is defined as the expected number of sampled k-mers per unit length of sequence. Depending on the order used, the density varies.
In general, a lower density (i.e., fewer sampled k-mers) leads to greater computational improvements, and is therefore desirable. For example, a read aligner such a Minimap2 [7] stores all the locations of minimizers in the reference sequence in a database. It then finds all the minimizers in a read and searches in the database for these minimizers. The locations of these minimizers are used as seeds for the alignment. Using (minimizers, forward and local schemes) is a crucial step toward designing schemes with lower density and improving the many algorithms using these schemes. In Section 2, we give an overview of the results, and in Section 3 we give detailed proofs. Further research directions are discussed in Section 4.
Results

Notation
Universal hitting sets. Consider a finite alphabet Σ = {0, . . . , σ − 1} with σ = |Σ| elements. If a ∈ Σ, a k denotes the letter a repeated k times. We use Σ k to denote the set of strings of length k on alphabet Σ, and call them k-mers. If S is a string, S[n, l] denotes the substring starting at position n and of length l. For a k-mer a ∈ Σ k and an l-long string S ∈ Σ l , we say "a hits S" if a appears as substring of S (a = S[i, k] for some i). For a set of k-mers A ⊆ Σ k and S ∈ Σ l , we say "A hits S" if there exists at least one k-mer in A that hits S. A set A ⊆ Σ k is a universal hitting set for length L if A hits every string of length L.
de Bruijn graphs. Many questions regarding strings have an equivalent formulation with graph terminology using de Bruijn graphs. The de Bruijn graph B Σ,k on alphabet Σ and of order k has a node for every k-mer, and an edge (u, v) for every string of length k + 1 with prefix u and suffix is v. There are σ k vertices and σ k+1 edges in the de Bruijn graph of order k.
There is a one-to-one correspondence between strings and paths in B Σ,k : a path with w nodes corresponds to a string of L = w + k − 1 characters. A universal hitting set A corresponds to a depathing set of the de Bruijn graph: a universal hitting set for k and L intersects with every path in the de Bruijn graph with w = L − k + 1 vertices. We say "A is a (α, l)-UHS" if A is a set of k-mers that is a universal hitting set, with relative size α = |A|/σ k and hits every walk of l vertices (and therefore every string of length L = l + k − 1).
A de Bruijn sequence is a particular sequence of length σ k + k − 1 that contains every possible k-mer once and only once. Every de Bruijn graph is Hamiltonian and the sequence spelled out by a Hamiltonian tour is a de Bruijn sequence. Figure 1 : (a) Example of selecting minimizers with k = 3, w = 5 and the lexicographic order (i.e., AAA < AAC < AAG < . . . < TTT). The top line is the input sequence, each subsequent line is a 7-bases long window (the number of bases in a window is w + k − 1 = 7) with the minimum 3-mer highlighted. The positions {1, 2, 5, 9, 10, 11} are selected for a density d = 6/(18 − 3 + 1) = 0.375. (b) On the same sequence, an example of a selection scheme for w = 7 (and k = 1 because it is a selection scheme, hence the number of bases in a window is also w). The set of positions selected is {1, 6, 7, 8, 11, 13, 14} . This is not a forward scheme as the sequence of selected position is not non-decreasing. (c) A forward selection scheme for w = 7 with selected positions {1, 7, 8, 12, 13}. Like the minimizers scheme, the sequence of selected positions is non-decreasing.
Selection schemes. A local scheme [17] is a method to select positions in a string. A local scheme is parameterized by a selection function f . It works by looking at every w-mer of the input sequence S: S[0, w], S [1, w] , . . ., and selecting in each window a position according to the selection function f . The selection function selects a position in a window of length w, i.e., it is a function f : Σ w → [0 : w − 1]. The output of a forward scheme is a set of selected positions:
A forward scheme is a local scheme with a selection function such that the selected positions form a non-decreasing sequence. That is, if ω 1 and ω 2 are two consecutive windows in a sequence S, then
A minimizers scheme is scheme where the selection function takes in the sequence of w consecutive k-mers and returns the "minimum" k-mer in the window (hence the name minimizers). The minimum is defined by a predefined order on the k-mers (e.g., lexicographic order) and the selection function is f :
See Figure 1 for examples of all 3 schemes. The local scheme concept is the most general as it imposes no constraint on the selection function, while a forward scheme must select positions in a non-decreasing way. A minimizers scheme is the least general and also selects positions in a non-decreasing way.
Local and forward schemes were originally defined with a function defined on a window of w k-mers, f : Σ w+k−1 → [0 : w − 1], similarly to minimizers. Selection schemes are schemes with k = 1, and have a single parameter w as the word length. While the notion of k-mer is central to the definition of the minimizers schemes, it has no particular meaning for a local or forward scheme: these schemes select positions within each window of a string S, and the sequence of the k-mers at these positions is no more relevant than sequence elsewhere in the window to the selection function.
There are multiple reasons to consider selection schemes. First, they are slightly simpler as they have only one parameter, namely the window length w. Second, in our analysis we consider the case where w is asymptotically large, therefore w k and the setting is similar to having k = 1. Finally, this simplified problem still provides information about the general problem of local schemes. Suppose that f is the selection function of a selection scheme, for any k > 1 we can define g k :
That is, g k is defined from the function f by ignoring the last k − 1 characters in a window. The functions g k define proper selection functions for local schemes with parameter w and k, and because exactly the same positions are selected, the density of g k is equal to the density of f . In the following sections, unless noted otherwise, we use forward and local schemes to denote forward and local selection schemes.
Density. Because a local scheme on string S may pick the same location in two different windows, the number of selected positions is usually less than |S| − w + 1. The particular density of a scheme is defined as the number of distinct selected positions divided by |S| − w + 1 (see Figure 1 ). The expected density, or simply the density, of a scheme is the expected density on an infinitely long random sequence. Alternatively, the expected density is computed exactly by computing the particular density on any de Bruijn sequence of order ≥ 2w − 1. In other words, a de Bruijn sequence of large enough order "looks like" a random infinite sequence with respect to a local scheme (see [10] and Section 3.1).
Main Results
The density of a local scheme is in the range [1/w, 1], as 1/w corresponds to selecting exactly one position per window, and 1 corresponds to selecting every position. Therefore, the density goes from a low value with a constant number of positions per window (density is O(1/w), which goes to 0 when w gets large), to a high with constant value (density is Ω(1)) where the number of positions per window is proportional to w. When the minimizers and winnowing schemes were introduced, both papers used a simple probabilistic model to estimate the expected density to 2/(w + 1), or about 2 positions per window. Under this model, this estimate is within a constant factor of the optimal, it is O(1/w).
Unfortunately, this simple model properly accounts for the minimizers behavior only when k and w are small. For large k -i.e., k w-it is possible to create almost optimal minimizers scheme with density ∼ 1/w. More problematically, for large w -i.e., w k-and for all minimizer schemes the density becomes constant (Ω(1)) [9] . In other words, minimizers schemes cannot be optimal or within a constant factor of optimal for large w, and the estimate of 2/(w + 1) is very inaccurate in this regime.
This motivates the study of forward schemes and local schemes. It is known that there exists forward schemes with density of O(1/ √ w) [9] . This density is not within a constant factor of the optimal density but at least shows that forward and local schemes do not have constant density like minimizers schemes for large w and that they can have much lower density.
Connection between UHS and selection schemes. In the study of selection schemes, as for minimizers schemes, universal hitting sets play a central role. We describe the link between selection schemes and UHS, and show that the existence of a selection scheme with low density implies the existence of a UHS with small relative size. Theorem 1. Given a local scheme f on w-mers with density d f , we can construct a (d f , w) − U HS on (2w − 1)-mers. If f is a forward scheme, we can construct a (d f , w) − U HS on (w + 1)-mers.
Almost-optimal relative size UHS for linear path length. Conversely, because of their link to forward and local selection schemes, we are interested in universal hitting set with remaining path length O(w). Necessarily a universal hitting hits any infinitely long sequences. On de Bruijn graphs, a set hitting every infinitely long sequences is a decycling set: a set that intersects with every cycle in the graph. In particular, a decycling set must contain an element in each of the cycles obtained by the rotation of the w-mers (e.g., cycle of the type 001 → 010 → 100 → 001). The number of these rotation cycles is known as the "necklace number" N σ,w = 1 n d|w ϕ(d)σ w/d = O(σ w /w) [16] , where ϕ(d) is the Euler's totient function. Consequently, the relative size of a UHS, which contains at least one element from each of these cycles, is lower-bounded by O(1/w). The smallest previously known UHS with O(w) remaining path length has a relative size of O( √ w/w) [9] . We construct a smaller universal hitting set with relative size O(ln(w)/w): Remaining path length bounds for the Mykkeltveit sets. Mykkeltveit [12] gave an explicit construction for a decycling set with exactly one element from each of the rotation cycles, and thereby proved a long standing conjecture [16] that the minimal size of decycling sets is equal to the necklace number. Under the UHS framework, it is natural to ask what the remaining path length for Mykkeltveit sets is. Given that the de Bruijn graph is Hamiltonian, there exists paths of length exponential in w: the Hamiltonian tours have σ w vertices. Nevertheless, we show that the remaining path length for Mykkeltveit sets is upper-and lower-bounded by polynomials of w:
Theorem 3. For sufficiently large w, the Mykkeltveit set is a (N σ,w /σ w , g(w))-UHS, having the same size as minimal decycling sets, while g(w) = O(w 3 ) and g(w) > cw 2 for some constant c.
Methods and Proofs
For simplicity, several parts of the proof are found in the Supplementary materials.
UHS from Selection Schemes
Contexts and densities of selection schemes
In this section, we derive another way of calculating densities of selection schemes based on the idea of contexts. 
For a location i in sequence S, the context at this location is defined as c i = S[i − w + 1, 2w − 1], a (2w − 1)-mer whose last w-mer starts at i. Whether f picks a new position in S[i, w] is entirely determined by its context, as the conditions only involve w-mers as far back as S[i − w + 1, w], which are included in the context. This means that instead of counting selected positions in S, we can count the contexts c satisfying f (c[w − 1, w]) + w − 1 = f (c[j, w]) + j for all 0 ≤ j ≤ w − 2, which are the contexts such that f on the last w-mer of c picks a new location. We define C f ⊂ Σ 2w−1 the set of contexts that satisfy this condition, formally:
Definition 1. For given w and local selection scheme f :
The expected density of f is computed as the number of selected positions over the length of the sequence for a random sequence, as the sequence becomes infinitely long. For a sufficiently long random sequence (|S| w), the distribution of its contexts converges to a uniform random distribution over (2w − 1)-mers. Because the distribution of these contexts is exactly equal to the uniform distribution on a circular de Bruijn S sequence of order at least 2w − 1, we can calculate the expected density of f as the density of f on S, or as |C f |/σ 2w−1 .
UHS from local selection schemes
We now prove that C f over (2w − 1)-mers is the UHS we need for Theorem 1.
Lemma 1. C f is a UHS with remaining path length of at most w − 1.
Proof. By contradiction, assume there is a path of length w in the de Bruijn graph of order (2w − 1), say {c 0 , c 1 , · · · , c w−1 }, that avoids C. We construct the sequence S corresponding to the path:
) picks a location that has been picked before on S . The coordinate l of this selection in S satisfies l ≥ 2w − 2.
As
then satisfies that a new location l is picked when f is applied to its last w-mer, and by definition c m−w+1 ∈ C, contradiction.
This results is also a direct consequence of the definition of C. Details can be found in Supplementary Section S1.
UHS from forward selection schemes
When f is a forward scheme, to determine if a new location is picked in a window, looking back one window is sufficient. This is because if we do not pick a new location, we have to pick the same location as in last window. This means context with two w-mers, or as a (w + 1)-mer, is sufficient, and our other arguments involving contexts still hold. Combining the pieces, we prove the following theorem:
Given a local scheme f on w-mers with density d f , we can construct a (d f , w) − U HS on (2w − 1)-mers. If f is a forward scheme, we can construct a (d f , w) − U HS on (w + 1)-mers.
Forbidden Word Depathing Set
Construction and path length
In this section, we prove the following set is a (O(ln(w)/w), w) − U HS.
Define F σ,w as the set of w-mers that satisfies either of the following clauses: (1) 0 d is the prefix of x (2) 0 d is not a substring of x.
Note that in this theorem we treat σ as a constant and assume σ ≥ 2. We also assume that w is sufficiently large such that d ≥ 1.
Lemma 2. The longest remaining path in the de Bruijn graph of order w after removing F σ,w is w − d.
Proof. Let {x 0 , x 1 , · · · , x w−d } be a path of length w − d + 1 in the de Bruijn graph. If x 0 does not have a substring equal to 0 d , it is in F σ,w . Otherwise, let c be the index such that
On the other hand, let Proof. The number of w-mer satisfying clause 1 is
For the rest of this section, we focus on counting w-mers satisfying clause 2 in Definition 2, that is, the number of w-mers not containing 0 d . We employ a finite state machine based approach.
Number of w-mers not containing 0 d
We construct a finite state machine (FSM) that recognizes 0 d as follows. The FSM consists of d + 1 states labeled "0" to "d", where "0" is the initial state and "d" is the terminal state. The state "i" with 0 ≤ i ≤ d−1 means that the last i characters were 0 and d − i more zeroes are expected to match 0 d . The terminal state "d" means that we have seen a substring of d consecutive zeroes. If the machine is at non-terminal state "i" and receives the character 0, it moves to state "i + 1", otherwise it moves to state "0"; once the machine reaches state "d", it remains in that state forever. Now, assume we feed a random w-mer to the finite state machine. The probability that the machine does not reach state "d" for the input w-mer is the relative size of the set of w-mer satisfying clause 2. Denote p k ∈ R d such that p k (j) is the probability of feeding a random k-mer to the machine and ending up in state "j", for 0 ≤ j < d (note that the vector does not contain the probability for the terminal state "d"). The answer to our problem is then p w 1 = d−1 i=0 p w (i), that is, the sum of the probabilities of ending at a non-terminal state.
Define µ = 1/σ. Given that a randomly chosen w-mer is fed into the FSM, i.e., each base is chosen independently and uniformly from {0, 1, · · · , σ − 1}, the probabilities of transition in the FSM are: "i" → "i + 1" with probability 1/σ = µ, "i" → "0" with probability 1 − µ. The (partial) probability matrix to recognize 0 d is a d × d matrix, as we discard the row and column associated with terminal state "d":
Starting with p 0 = (1, 0, . . . , 0) ∈ R d as initially no sequence has been parsed and the machine is at state "0" with probability 1, we can compute the probability vector p w as p w = A d p w−1 = A w d p 0 .
Bounding p w 1
We start by deriving the characteristic polynomial p A d (λ) of A d and its set of roots (which are the eigenvalues of A d ):
Proof. The characteristic polynomial of A d satisfies the following recursive formula, obtained by expanding the determinant over the first column and using the linearity of the determinant:
Assuming λ = µ for now, we repeatedly expand the recursive formula to obtain a closed form formula for p A d (λ):
The value for the characteristic polynomial when λ = µ can be derived by plugging λ = µ in the line marked with ( * ) to obtain
Now we fix d and focus on the polynomial
Since this is a polynomial of degree d + 1, it has d + 1 roots and except for µ, which is a root of f d but not of p A d , f d and p A d have the same roots.
Proof. We show f d has opposite signs on the lower and upper bound of this inequality for sufficiently large d.
For the last line, if σ = 2 the first two terms cancel out and dµ 2d+2 becomes dominant and positive, otherwise µ d = σµ d+1 > 2µ d+1 . Since f d is polynomial, f d is continuous and thus has a root between 1 − µ d and 1 − µ d+1 . Lemma 6. Let s = µ/λ 0 . ν 0 = (1, s, s 2 , · · · , s d−1 ) is the right eigenvector of A d corresponding to eigenvalue λ 0 , and ν 0 1 < 3 for sufficiently large d.
Proof. For the first part, we need to verify
For the first element in the vector, we have:
This verifies A d ν 0 = λ 0 ν 0 . For the second part, note that for sufficiently large d we have λ 0 > 1 − µ d > 0.9 and since µ ≤ 0.5, we have s = µ/λ 0 < 2/3. Every element of ν 0 is positive, Proof.
Because λ 0 > 0, the elements of η 0 and A d are all nonnegative, then the elements of A w d η 0 and λ 0 η 0 are also nonnegative. Now, recall that
These lemma implies that the relative size for the set F σ,w is dominated by the w-mers satisfying clause 1 of Definition 2 and F σ,w is of relative size O(ln(w)/w). This completes the proof that F σ,w is a (O(ln(w)/w), w) − U HS.
Construction of the Mykkeltveit sets
In this section, we construct the Mykkeltveit set M σ,w and prove some important properties of the set. We start with the definition of the Mykkeltveit embedding of the de Bruijn graph. 
Intuitively, the position of a w-mer x is defined as the following center of mass. The w roots of unity form a circle in the complex plane, and a weight equal to the value of the base x i is set at the root r i+1 w . The position of x is the center of mass of these w points and associated weights. Originally, Mykkeltveit defined the embedding with weight r i w [12] . This extra factor of r w in our modified embedding rotates the coordinate and is instrumental in the proof.
We now focus on a particular kind of cycle in the de Bruijn graph. The pure cycles in the de Bruijn graph, also known as conjugacy classes, are the set of cycles
We use [x] to denote the set of w-mers in the pure cycle containing x. Each cycle consists of w w-mers, unless x 0 x 1 · · · x w−1 is periodic, and in this case the size of cycle is equal to its shortest period.
Define the successor function S a (x) = x 1 x 2 · · · x w−1 a. The successor function gives all the neighbors of x in the de Bruijn graph. For any w-mer x, we have [S a (x)] = [x] if and only if a = x 0 . We call this kind of moves a pure rotation, and use R(x) to denote the resulting w-mer. The embeddings from pure rotations satisfy a curious property:
Lemma 8 (Rotations and Embeddings). P (R(x)) on the complex plane is P (x) rotated clockwise around origin by 2π/w. P (S a (x)) is P (R(x)) shifted by δ = a − x 0 on the real part, with the imaginary part unchanged.
Proof. By Definition 3 and the the definition of successor function S a (x):
Note that for pure rotations δ = 0, and r −1 w P (x) is exactly P (x) rotated clockwise by 2π/w.
The range for δ is [−σ + 1, σ − 1]. In particular, δ can be negative. This implies that in a pure cycle either all w-mer satisfy P (x) = 0, or they lie equidistant on a circle centered at origin. Figure 2(a) shows the embeddings and pure cycles of 5-mers. It is known that we can partition the set of all w-mers into N σ,k pure cycles, and these cycles are disjoints. This means any decycling set that breaks every cycle of the de Bruijn graph will be at least this large. We now construct our proposed depathing set with this idea in mind.
Definition 4 (Mykkeltveit Set). We construct the Mykkeltveit set M σ,w as follows. Consider each conjugacy class [x], we will pick one w-mer from each of them by the following rule:
1. If every w-mer in the class embeds to the origin, pick an arbitrary one.
2. If there is one w-mer x in the class such that Re(P (x)) < 0 and Im(P (x)) = 0, pick that one.
3. Otherwise, pick the unique w-mer x such that Im(P (x)) < 0 and Im(P (R(x))) > 0. Intuitively, this is the w-mer in the cycle right below the negative real axis.
This set breaks every pure cycle in the de Bruijn graph by its construction, with an interesting property as follows: Lemma 9. Let {x i } be a path on the de Bruijn graph that avoids M σ,w . If Im(P (x i )) ≤ 0, then for all j ≥ i, Im(P (x j )) ≤ 0.
Proof. It suffices to show that in the remaining de Bruijn graph after removing M σ,w , there are no edges x → y such that Im(P (x)) ≤ 0 and Im(P (y)) > 0. The edge x → y means that y = S a (x) for some a. By Lemma 8, Im(P (R(x))) = Im(P (S a (x))) = Im(P (y)) > 0.
• If we have Im(P (x)) < 0, by clause 3 of Definition 4, x ∈ M σ,w .
• If we have Im(P (x)) = 0 and Re(P (x)) < 0, by clause 2 of Definition 4, we have x ∈ M σ,w .
• If we have Im(P (x)) = Re(P (x)) = 0, we would have Im(P (y)) = Im(P (R(x))) = 0, a contradiction.
• If we have Im(P (x)) = 0 and Re(P (x)) > 0, P (x) lies on positive half of the real axis, so rotating it clockwise by 2π/w degrees we would have Im(P (y)) = Im(P (R(x))) < 0, a contradiction.
Upper bounding the remaining path length in Mykkeltveit sets
In this section, we show the remaining path after removing M σ,w is at most O(w 3 ) long. This polynomial bound is a stark contrast to the number of remaining vertices after removing the Mykkeltveit set -i.e., σ w − N σ,w ∼ (1 − 1 w )σ w , which is exponential in w. Our main argument involves embedding a w-mer to point in the complex plane, similar to Mykkeltveit's construction, while also tracking the weight of the w-mer, which allows us to exploit the intrinsic monotonicity of the embedding.
From w-mers to embeddings
In this section, we formulate a relaxation that converts paths of w-mers to trajectories in a geometric space. Precisely, we model S a in Lemma 8 as a rotation operating on a complex embedding with attached weights, where the weights restrict possible moves.
Formally, given a pair (z, t) where z is a complex number and t an integer, define the family of operations
x i is its weight, and when 0 ≤ δ + x 0 < σ, Z δ (P (x), W (x)) = (P (S δ+x0 (x)), W (S δ+x0 (x))). This means Z δ is equivalent to finding the position and weight of the successor S δ+x0 .
We are now looking for the length of the longest path by repeated application of Z δ that satisfies 0 ≤ t ≤ W max , where W max = (σ − 1)w is the maximum weight of any w-mer. This is a relaxation of the original problem of finding a longest path as some choices of δ and some pairs (z, t) on these paths may not correspond to actual transition or w-mer in the de Bruijn graph (when δ + x 0 is negative or greater than σ − 1, then it is not a valid transition). In some sense, the pair (z, t) is a loose representation of a w-mer where the precise sequence of the w-mer is ignored and only its weight is considered. On the other hand, every valid path in the de Bruijn graph corresponds to a path in this relaxation, and an upper-bound on the relaxed problem is an upper-bound of the original problem.
Weight-in embedding and relaxation
The weight-in embedding maps the pair x = (z, w) to the complex plane. This transforms the original longest remaining path problem into a geometric problem of bounding the length in the complex plane under some operation S δ .
Definition 5 (Weight-In Embedding). The weight-in embedding of x = (z, t) is Q(x) = z − t. Accordingly, for a w-mer x, its embedding is Q(x) = Q(P (x), W (x)) = P (x) − W (x).
The Z δ operations in this embedding correspond to a rotation, and, maybe surprisingly, this rotation is independent of the value δ. Proof. By definition of weight-in embedding and the operation Z δ :
In the complex plane, the rotation formula around center c and of angle θ is c + e iθ (z − c). Therefore, the operations Z δ is a rotation around c = (−t, 0) of angle θ = −2π/w. Figure 2(b) . Because all the w-mer in a given conjugacy class have the same weight, say t 0 , the conjugacy classes form a circle around a particular center (−t 0 , 0). The image after application of S δ is independent of the parameter δ, but dependent on the weight t of the underlying pair (z, t).
Multiple pairs of x = (z, t) can share the same weight-in embedding Q(x). As seen in Figure 2 (b), every node belongs to two circles with different centers, meaning there are two embeddings with same Q(x) but different t. Lemma 9 naturally divides any path in the de Bruijn graph avoiding M σ,w into two parts, the first part in with Im(P (x)) > 0, and the second part with Im(P (x)) ≤ 0. Thanks to the symmetry of the problems, we focus on the upper halfplane, defined as the region with Im(P (x)) ≥ 0. With the weight-in embedding, as long as the path is contained in the upper halfplane, it is always traveling to the right (towards large real value) or stay unmoved, as stated below:
Lemma 11 (Monotonicity of Re(Q(·))). Assume Q(x) and Q(Z δ (x)) are both in the upper halfplane. If Q(x) does not coincide with its associated rotation center (−t, 0), then Re(Q(Z δ (x))) > Re(Q(x)), otherwise Q(Z δ (x)) = Q(x).
Proof. The operation is a clockwise rotation where the rotation center is on the x-axis and the two points are on the non-negative halfplane. Necessarily, the real part increased, unless the point is on the fix point of the rotation (which is when Q(x) = (−t, 0)).
We further relax the problem by allowing rotations from any of the centers in C σ,w , not just from some (−t, 0) corresponding to the weight in the weight-in embedding. Lemma 11 still applies in this case and the points in the upper-halfplane move from left to right. We are now left with a purely geometric problem involving no w-mers or weights to track:
What is the longest path {z i } possible where z i+1 is obtained from z i by a rotation of 2π/w clockwise around a center from C σ,w , while staying in the upper halfplane at all times (Im(z i ) ≥ 0, ∀i)?
We now break the problem into smaller stages as the weight-in embedding pass through rotation centers, defined as C σ,w = {(−j, 0) | 0 ≤ j ≤ W max }, the set of points that Q(x) could possibly rotate around regardless of t. As there are W max + 1 rotation centers and the maximum Re(Q(x)) = Re(P (x)) for any w-mer is also W max , we define 2W max subregions, two between any adjacent pair. Formally: We now define the problem of finding longest path, localized to one left subregion, as follows: Again, note that this new definition is a purely geometric problem involving no w-mers and no weights W (x) to track. z i might stagnate if it coincides with one of the rotation centers, so we do not allow Re(z i ) = −j in this geometric problem. Still, it suffices to solve this simpler problem, as indicated by the following lemma: We prove this lemma in Supplementary Section S2.
Backtracking, heights and local potentials
In this section, we prove L = O(w 2 ). We will frequently switch between polar and Cartesian coordinates in this section and the next section. For simplicity, let r(z) and φ(z) denote the radius and the polar angle of z written in polar coordinate. Proof. The key observation is if a rotation is not around the origin, Re(Q(x)) increases by Ω(1/w 2 ).
To see this, assume (d, θ) is the polar coordinate of Re(Q(x)) with respect to the rotation center. The polar coordinate for Re(Q(S a (x))) is then (d, θ − 2π/w). We note that d ≥ 0.5 as Q(x) satisfies 0 < Re(Q(x)) < 0.5 and is at least 0.5 away from any other rotation centers. The difference in real coordinate is d(cos(θ − 2π/w) − cos(θ)) = 2d sin(θ − π/w) sin(π/w). Now, we require θ ∈ [0, π] and θ − 2π/w ∈ [0, π], so sin(θ − π/w) ≥ sin(π/w) and the whole term is lower bounded by 2d sin 2 (π/w) = Ω(d/w 2 ) = Ω(1/w 2 ).
Only O(dw 2 ) rotations not around origin is possible in the defined region, otherwise Re(Q(x)) would increase by Ω(dw 2 )Ω(1/w 2 ) = Ω(d) already. Between two rotations not around the origin, only w/2 rotations around the origin can happen, or the point would have rotated π degrees and can't stay in the upper halfplane. This means the possible number of pure rotations is O(dw 3 ), which is also the asymptotic upper bound of path length.
This lemma is sufficient to prove L = O(w 3 ). To obtain L = O(w 2 ), we need a potential based argument. Define u = 1 − r −1 w , and let s(z) be the lowest point above the real axis of form z + ju where j ∈ Z. We can show a potential function of form E(z) = −wr(s(z))/π + φ(s(z)) is guaranteed to decrease by at least 2π/w every rotation, and it can only decrease by O(w) total inside the feasible region, which would complete the proof. This proof can be found in Supplementary Section S3.
Lower bounding the remaining path length in Mykkeltveit sets
We provide here a constructive proof of the existence of a Ω(w 2 ) long path in the de Bruijn graph after removing M σ,w . Since all w-mers in M σ,w satisfy Im(P (x)) ≤ 0, a path satisfying Im(P (x)) > 0 at every step is guaranteed to avoid M σ,w and our construction will satisfy this criteria. It suffices to prove the theorem for binary alphabet as the path constructed will also be a valid path in a graph with larger alphabet. We present the constructions for even w here.
We need an alternative view of w-mers in this section, close to a shift register. Imagine a paper ring with w slots, labelled tag 0 to tag w − 1 with content y = y 0 y 1 · · · y w−1 , and a pointer initially at 0. The w-mer from the ring is y j y j+1 · · · y w−1 y 0 · · · y j−1 = y[j, w − j] · y[0, j], assuming pointer is at tag j. A pure rotation R(x) on the ring is simply moving the pointer one base forward, and an impure one S a (x) is to write a to y j before moving the pointer forward.
Let w = 2m. We create w/8 ordered quadruples of tags taken modulo w: Q j = {a − j, a + j, b − j, b + j} where j ∈ [1, w/8 ], a = m − 1, and b = w − 1. In each quadruple Q j , the set of associated root of unity r i+1 w for the 4 tags are of form {−e −iθ , −e iθ , e −iθ , e iθ }, adding up to 0. Consequently, changing y k for each k in Q j from 1 to 0 does not change the resulting embedding. The strategy consists of creating "pseudo-loops": start from a w-mer, rotate it a certain number of times and switch the bit of the w-mer corresponding to the index in a quadruple to 0 to return to almost the starting position (the same position in the plane but a different w-mer with lower weight).
More precisely, the initial w-mer x is all ones but x w−1 set to zero, with paper ring content y = x and pointer at tag 0. The resulting w-mer satisfies P (x) = −1. The sequence of operations is as follows. First, do a pure rotation on x. Then, for each quadruple Q j from j = 1 to j = w/8 , we perform the following actions on x: pure rotations until the pointer is at tag a − j, impure rotation S 0 , pure rotations until the pointer is at tag a + j, impure rotation S 0 , pure rotations until pointer is at tag b − j, impure S 0 , pure rotations until pointer is at tag b + j, impure S 0 .
Each round involves exactly w + 1 rotations since the last step is to an impure rotation S 0 at tag b + j which increases by one between quadruple Q j and Q j+1 . The total length of the path over all Q i is at least cw 2 for some constant c. Figure 3 shows an example of quadruples and a generated long path that fits in the upper halfplane.
The correctness proof for the construction is presented in Supplementary Section S4 and the construction for odd w is presented in Supplementary Section S5.
Discussion
Relationship of UHS and selection schemes. Our construction of a (O(ln(w)/w), w)-UHS also implies existence of a forward selection scheme with density O(ln(w)/w), only a ln(w) factor away from the lower bound on density achievable by forward scheme and local schemes.
Unfortunately this construction does not apply for arbitrary UHS. In general, given a UHS with relative size d and remaining path length w, it is still unknown how to construct a forward or local scheme with There are a total of 5 sets. They were crafted so that the 4 vector in each set cancel out. (b) The path generated by these quadruple sets. The top circle of radius 1 is traveled many times (between tags r 1 and r 2 in each quadruple), as after setting the 4 bits to 0, the w-mer has the same norm as the starting point.
density O(d). As described in Section 3.1, we can construct a UHS from a scheme by taking the set C f of contexts that yields new selections. But it is not always possible to go the other way: there are universal hitting sets that are not equal to a set of contexts C f for any function f . We are thus interested in the following questions. Given a UHS U with relative size d, is it possible to create another UHS U from U that has the same relative size d and correspond to a local scheme (i.e., there exists f such that U = C f )? If not, what is the smallest price to pay (extra density compared to relative size of the UHS) to derive a local scheme from UHS U ?
Existence of "perfect" selection schemes. One of the goal in this research is to confirm or deny the existence of asymptotically "perfect" selection schemes with density of 1/w, or at least O(1/w). Study of UHS might shed light on this problem. If such perfect selection scheme exists, asymptotic perfect UHS defined as (O(1/w), w)-UHS would exist. On the other hand, if we denied existence of an asymptotic perfect UHS, this would imply nonexistence of "perfect" forward selection scheme with density O(1/w).
Remaining path length of Minimum Decycling Sets. There is more than one decycling set of minimum size (MDS) for given w. The Mykkeltveit [12] set is one possible construction, and a construction based on very different ideas is given in Champarnaud et al. [1] . The number of MDS is much larger than the two sets obtained by these two methods. Empirically, for small values of w, we can exhaustively search all the MDS: for 2 ≤ w ≤ 7 the number of MDS is respectively 2, 4, 30, 28, 68 288 and 18 432.
While experiments suggest the longest remaining path in a Mykkeltveit depathing set defined in the original paper is around Θ(w 3 ), matching our upper bound, we do not know if such bound is tight across all possible minimal decycling sets. The Champarnaud set seems to have a longer remaining path than the Mykkeltveit set, although it is unknown if it is within a constant factor, bounded by a polynomial of w of different degree, or is exponential. More generally, we would like to know what is the range of possible remaining path lengths as a function of w over the set of all MDSs.
Funding: This work was partially supported in part by the Gordon and Betty Moore Foundation's Data-Driven Discovery Initiative through Grant GBMF4554 to C.K., by the US National Science Foundation (CCF-1256087, CCF-1319998) and by the US National Institutes of Health (R01GM122935).
Conflict of interests: C.K. is a co-founder of Ocean Genomics, Inc. G.M. is V.P. of software development at Ocean Genomics, Inc.
S1 Alternative Proof of Lemma 1
Proof. Assume there exists a path {c 0 , c 1 , · · · , c w−1 } in the de Bruijn graph of order 2w − 1 that avoids C.
Let i be the smallest v satisfying this property.
, so they have the same value of f . These two terms are underlined below.
so it is a valid index between 0 and w − 2. We now note that:
S2 Tightness of local trajectory problem
In this section, we prove Lemma 12 by resolving every difference between Definition 7 and the original problem of finding longest path avoiding M σ,w . We start from the other type of subregions.
Lemma S14. For any 0 ≤ j < W max , any path in the de Bruijn graph avoiding M σ,w has at most 2L + 2 steps satisfying Q(x) ∈ (−j − 1, −j) × [0, W max ].
Proof. As the defined region does not contain a rotation center, every move strictly increases Re(Q(x)). We similarly define the left and right subregion as the region with Re(Q(x)) < −j −0.5 and Re(Q(x)) > −j −0.5. There is at most one move that goes from the left subregion to the right one, or two moves if there is one w-mer with Re(Q(x)) = −j − 0.5, and all other moves are contained within either subregion.
For the left subregion, the longest path within it is upper bounded by L. Intuitively, we only need to shift the coordinate to coincide with Definition 7. Formally, let {z i } be the weight-in embedding of any path strictly within the left subregion. Then {z i + (j + 1)} becomes a feasible trajectory under Definition 7, as all points are within the feasible region (0, 0.5) × [0, W max ], and each center of rotation, which after shift is (−W (x) + (j + 1), 0) ∈ C as 0 ≤ j < W (x).
For the right subregion, we have the same conclusion using a mirroring argument. To see this, again let {z i } be the weight-in embedding of any path strictly within second subregion. Then {j − z −i } (z −i is the i th element in z counted backwards, andz is the conjugate of z) becomes a feasible trajectory. This is because all points are in the feasible region (0, 0.5) × [0, W max ], and assuming z i+1 is z i rotated 2π/w clockwise around (−t, 0), we know j − z i is j − z i+1 rotated 2π/w clockwise around (t − j, 0) ∈ C .
Next, we bound the path length outside any subregions.
Lemma S15. Any path in the de Bruijn graph satisfying Re(Q(x)) > 0 and Im(Q(x)) ≥ 0 has at most w/4 steps.
Proof. We let θ denote the polar angle of Q(x). As Q(x) is in first quadrant, 0 ≤ θ < π/2. Next, observe that every rotation around the origin decreases θ by 2π/w, and every rotation not around origin but some (−i, 0) with i > 0 will decrease θ by a greater amount. This means the path is at most w/4 steps long, because in w/4 steps θ would have decreased by at least π/2, leading to a contradiction.
We can similarly bound the path length left of all regions by looking at the polar angle of Q(x) when origin is at (−W max , 0), which leads to the following lemma:
Lemma S16. Any path in the de Bruijn graph satisfying Re(Q(x)) < −W max and Im(Q(x)) ≥ 0 has at most w/4 steps.
We are now prove the bound over the entire upper halfplane by bounding path length on the boundaries of subregions.
Lemma S17. Any path in the de Bruijn graph satisfying Im(Q(x)) ≥ 0 has at most 2W max L + O(w 2 ) steps.
Proof. We again start by taking {z i } to be the weight-in embedding of any path within the upper halfplane. We categorize {z i } using their real coordinates.
• If Re(z i ) < −W max or Re(z i ) > 0, by previous two lemmas, we know there are at most w/2 of them.
• Else, if Re(z i ) is not an integer, it falls in one of the regions defined by Lemma S14. As there are W max regions total under that definition, and the point can never reenter a region, the point belongs to a path contained within the region of at most 2L + 2 length, and there are at most W max (2L + 2) points in this category.
• The last category is when Re(z i ) is an integer. If c i satisfies Im(z i ) > 0, it will be the only one with this real coordinate as Re(z i+1 ) > Re(z i ). Otherwise, c i coincides with one of rotation centers (−j, 0). It could stay at the same location by doing a rotation around itself, which corresponds to a pure rotation of a w-mer when that w-mer embeds to origin. By construction of M σ,w (clause 1 of Definition 4 ), there can only be w − 1 consecutive moves this way, so at most w elements in {z i } have this real coordinate. There are W max + 1 possible real coordinates, and each one of them might contain w points, so total number of points in this category is (W max + 1)w.
Summing these 3 categories, we get a bound of 2W max L + (W max + 1)w + w/2 = 2W max L + O(w 2 ) for a path in the upper-half plane.
Finally, we look at the path in the lower halfplane with the concept of w-mer complements:
Definition S8 (Complements of w-mer). For a ∈ Σ, its complement is defined asā = σ − a. For a w-mer x, its complementx is the w-mer x 0 x 1 · · · x w−1 . The following property holds:
• For any x, P (x) = −P (x).
• For any x and a, P (S a (x)) = −P (Sā(x)).
• If there is an edge x → y in the de Bruijn graph, there is also an edgex →ȳ in the de Bruijn graph.
Lemma S18. Any path in the de Bruijn graph satisfying Im(Q(x)) ≤ 0 has at most 2W max L + O(w 2 ) steps.
Proof. For any path satisfying the condition, the path formed by taking complement of every w-mer is a path satisfying Im(Q(x)) ≥ 0. By Lemma S17, the length is also upper bounded by 2W max L + O(w 2 ).
We are now ready to prove the original statement as follows: Proof. As seen in Lemma 9, we can bound the path length in two parts. For the first part with Im(P (x)) > 0, the length is upper bounded by 2W max L+O(w 2 ) because we prove a strictly stronger statement in Lemma S17 by also allowing points with Im(P (x)) = 0. For the second part with Im(P (x)) ≤ 0, we also proved a strictly stronger statement in Lemma S18 by also allowing points in M σ,w . The path length for the original problem is upper bounded by the sum of two upper bounds, which is 4W max L + O(w 2 ).
S3 Full Argument for O(w 3 ) Path Length Upper Bound
As mentioned in the main text, Lemma 13 does not solve our problems because setting d = 0.5 yields O(w 3 ) long trajectories. We can however set d = 10/w and now focus on the trajectory in the region (10/w, 0.5) × [0, W max ], which we denote as R for the rest of this section.
We aim to prove L = O(w 2 ) by proving the near-optimality of a greedy approach: The sequence of rotation such that z i only rotate around (1, 0) when necessary and otherwise rotate around (0, 0). Intuitively, if z i is rotated from further rotation centers, it will move a greater distance towards Re(z i ) = 0.5. For trajectories that include moves that deviate from the greedy trajectory, we want to show we can always backtrack to the move, make corrections and yield a longer trajectory. We now introduce the tools to formalize this idea.
We focus on the idea of backtracking moves. Recall the formula z ← c + r −1 w (z − c) for rotating z around c clockwise by 2π/w degrees. Note that this is a linear function of c, so if we change c by (1, 0), z will change by u = 1 − r −1 w . In other words, if z is the result from rotating z around some centers, to change the rotation centers retroactively, we can simply move z by a multiple of u. This leads to the following definition. Now we can define the potential function. Loosely speaking, this potential function measures how many steps are left in the trajectory if we strictly follow the greedy approach, backtracking one step if necessary.
Definition S10 (Local Potential Function). Let P (z) = −wr/π +φ, assuming z = (r, φ) in polar coordinate. The potential function of a point is E(z) = P (s(z)), where s(z) is representative of z.
For z ∈ R, it is not guaranteed the representative s(z) is in the same region. However, we have the following lemma:
Lemma S19. If z ∈ R, z is obtained by rotating z one step according to the longest trajectory problem, then as long as z ∈ R, s(z ) ∈ R.
Proof. By definition of the representative, Im(s(z )) ≥ 0. Also by definition of the equivalent set, s(z ) is also obtained by rotating z by some points on the real axis, clockwise by 2π/w degrees. As we have shown before, such move is guaranteed to increase Re(z), so Re(s(z )) > Re(z) > 10/w. To show s(z ) ∈ R, we only need Re(s(z )) < 0.5 and Im(s(z )) ≤ W max . However, since Re(s(z )) ≤ Re(s(z)) and Im(s(z )) ≤ Im(s(z)),
This means after one rotation in R, or the first step in the trajectory, s(z) is guaranteed to be in the same region and would stay in the region unless z is already out of the region, indicating end of trajectory. For the rest of our proofs, we assume s(z) ∈ R for the whole trajectory.
Our goal from now on is to prove that E(z) reduces by some amount each rotation. Assume a rotation brings z to z . Note that if we only care about E(z), the rotation center is irrelevant as s(z ) is the same, so we can assume every move is a rotation around origin and z = r −1 w z, possibly followed by a shift in multiples of u (which does not change s(z )).
If z and z are both of height 0, s(z) = z, s(z ) = z and if z = (r, φ) in polar coordinate, z = (r, φ−2π/w). This means E(z) − E(z ) = 2π/w and the potential drops by 2π/w, a constant value. If they are both of height j, s(z) = z − ju, s(z ) = z − ju, and it is no longer clear how much φ changes other than that it decreases a bit. However, z is further to the origin, and as we prove below, the change in r is enough for our proofs. We prove a stronger lemma:
Lemma S20. If z = e −iθ z is z rotated clockwise by θ ≤ 2π/w degrees, and they are of the same height j ≥ 1, then E(z) − E(z ) ≥ 1.9θ.
Proof. We note that the z 0 = z − ju and z 0 = z − ju are the representatives of z and z, and φ(z 0 ) < φ(z 0 ). Let r = e −iθ .
We let y = r −1 (r − 1)u. Written in polar coordinate, r −1 = (1, θ), (r − 1) = (2 sin(θ/2), 3π/2 − θ/2), u = (2 sin(π/w), π/2 − π/w), so y = (4 sin(θ/2) sin(π/w), θ/2 − π/w). Since 0 < θ ≤ 2π/w, the polar angle of y is between 0 and −π/w, which becomes 0 as w grows, meaning y is almost parallel to real axis.
We next bound the polar angle of z 0 . Since z 0 is in first quadrant, φ(z 0 ) ≥ 0. Next, since z 0 ∈ R and it is a representative, Re(z 0 ) ≥ 10/w and Im(z 0 ) ≤ sin(π/w) (otherwise, z 0 − t still satisfies Im(·) ≥ 0 and would be the representative instead). For sufficiently large w, we have Im(z 0 ) ≤ 3/w and tan(φ(z 0 )) = Im(z 0 )/Re(z 0 ) ≤ 0.3, which yields φ(z 0 ) ≤ 0.291.
Let the angle between z 0 and y be ψ, we have |ψ| ≤ (φ(z 0 ) + 2π/w). For large enough w, |ψ| ≤ 0.3 and cos(ψ) ≥ 0.955. Apply the rule of cosines on vector additions:
So r(z 0 ) − r(z 0 ) ≥ 0.955j|y| = 3.82j sin(π/w) sin(θ/2) ≥ 1.9πθ/w for large enough w. We now plug this back to the formula for potential energy:
This finishes the proof.
Plugging in θ = 2π/w, we have the following:
The last case is when z and z are of different height. We need to account for the sudden change of height during rotation. Intuitively, changing height from j + 1 to j while making a small movement costs 2π/w potential, as follows:
Lemma S22. For sufficiently large w and a real number 10/w < d < 0.5, we have
Proof. We will calculate the difference in φ and r separately. Recall that d = Ω(1/w). For now, we let u = a + bi, that is, a = 2 sin 2 (π/w), b = 2 sin(π/w) cos(π/w) = sin(2π/w). For φ, we have: This finishes the proof.
Combining previous two lemmas, we can analyze the potential drop for all possible moves and prove the upper bound.
Lemma S23. If z = r −1 w z with different height, E(z) − E(z ) ≥ 3.9π/w for sufficiently large w.
Proof. First of all, the height will only decrease since z is generated by rotating z around origin in the first quadrant, and Im(z ) < Im(z). For now, assume the height of z is h and height of z is h − 1. We consider the movement of s(z) while rotating from z to z . There exists one point z on the arc from z to z such that from z to z the height of the point is h, and from z to z the height is h − 1. We can now divide the movement into three parts: where δ is an infinitesimal value such that height of z is h and height of z + δ is h − 1. The first and last term correspond to the rotation process with constant height. If the height is 0, the change in potential is exactly the degree rotated. Otherwise, as shown in Lemma S20, the change in potential is at least 1.9 times degree rotated. Since the total rotated degrees is 2π/w, these two terms add up to at least 2π/w. The second term corresponds to the change of height as described in Lemma S22, and for sufficiently large w, it is at least 1.9π/w. Adding both terms up, we get 3.9π/w as desired. We can use the same technique if the height drops more than 1 and yield at least the same bounds.
corresponding roots of unity is on real axis, which we denote as q + j and q − j . We have |q j | = 2(cos(θ + π/w) − cos(θ)) = O(1/w) where θ is either 2πj/w or 2πj/w + π/w, and are of opposite sign: q + j > 0, q − j < 0. We define l j to be the embedding by setting all bases in quadruples {Q k | k ≤ j} to zero from the initial w-mer. Our construction of the imperfect quadruples ensures l j is a real number.
We decide the imperfect quadruple to use depending on the sign of l j−2 + 1. If l j−2 is smaller than −1, we pick Q − j and we have l j = l j−2 − q − j . Otherwise, we pick Q + j and we have l j = l j−2 − q + j . In both cases, we assured |l j + 1| ≤ max(|q j |, |l j−2 + 1|), which is O(1/w) by induction on j.
The sequence of rotations is defined in exactly the same way as before. The analyses are similar, as there are between w + 1 and w + 3 moves every round and O(w 2 ) total steps, no two quadruples share tags, and we finish the proof with the following lemma:
Lemma S27. For every round of moves using imperfect quadruples, the embedding satisfies Im(P (x)) > 0 at all times.
Proof. Similar to our previous argument, we only need to show Im(P (x)) > 0 at the critical embeddings. We start by constructing the following (perfect) quadruple for 2w-mers: Q j = {w − 1 − 2j, w − 1 + 2j, 2w − 1 − 2j, 2w − 1 + 2j}. As seen in last lemma, the sequence generated by this quadruple satisfies Im(P (x)) > 0.05 at all times, so it also holds at the critical embeddings. We can also map the tags in Q ± j onto 2w-mers by keeping the corresponding roots of unity the same: Q + j = {w − 2 − 2j, w + 2j, 2w − 1 − 2j, 2w − 1 + 2j} and Q − j = {w − 2j, w − 2 + 2j, 2w − 1 − 2j, 2w − 1 + 2j}. Now we fix one embedding in the critical set. For example, at the end of writing 0 to tag r 3 , the absolute embedding is −1 − v 1 − v 2 − v 3 = −1 + v 4 and the polar angle is (π + 3θ)/2 for the perfect quadruple. We will prove that for the imperfect quadruple, the embedding at this moment is similar.
The absolute embedding is a combination of v 0 (which is −1 for the perfect quadruple, and l j−2 = −1 + O(1/w) for the imperfect one) and {v i }s. v 3 and v 4 are the same for the two quadruples, while v 1 and v 2 are off by π/w degrees, translating to O(1/w) distance on the complex plane. This means the absolute embedding differs by O(1/w).
The polar angle relative to the absolute embedding is simply one of the φ(v i ), which is off by at most π/w. This corresponds to an extra π/w rotation in either direction, and since the length of the embedding is O(1), it moves by O(1/w) on top of the previous argument.
Combining both arguments, we show that if z is the embedding for the perfect quadruple at this moment, the embedding for the imperfect quadruple z satisfies |z − z| = O(1/w). However, Im(z) > 0.05, so Im(z ) > 0 holds for sufficiently large w. This proof works for all critical embeddings, and since Im(z ) is the lowest at critical embeddings, Im(z ) > 0 also holds for the whole round.
